
TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 318, Number I, March 1990 

ABELIAN AND NONDISCRETE CONVERGENCE 
GROUPS ON THE CIRCLE 

A. HINKKANEN 

ABSTRACT. A group G of homeomorphisms of the unit circle onto itself is a 
convergence group if every sequence of elements of G contains a subsequence, 
say gn, such that either (i) gn --> g and g;;1 --> g-I uniformly on the circle 
where g is a homeomorphism, or (ii) gn --> Xo and g;; 1 --> Yo uniformly 
on compact subsets of the complements of {yo} and {xo}, respectively, for 
some points Xo and Yo of the circle (possibly Xo = Yo). For example, a 
group of K-quasisymmetric maps, for a fixed K, is a convergence group. We 
show that if G is an abelian or nondiscrete convergence group, then there is a 
homeomorphism I such that loGo I-I is a group of Mobius transformations. 

1. INTRODUCTION AND RESULTS 

1.1. Let G be a group of homeomorphisms of the unit circle T onto itself. We 
allow the possibility that some of the homeomorphisms may be sense-reversing. 
The essential compactness properties of uniformly quasi symmetric or quasi-
conformal groups are captured by the notion of a convergence group which was 
recently formulated by Gehring and Martin [1, pp. 334-335]. We say that G is 
a convergence group if every sequence of elements of G contains a subsequence, 
say gn' such that either 

(i) gn ---> g and g;: I ---> g -I uniformly on T, where g is a homeomor-
phism, not necessarily an element of G; or 

(ii) there are Xo ,Yo E T (possibly Xo = Yo) such that gn ---> Xo and g;:1 ---> 

Yo uniformly on compact subsets of T\{yo} and T\{xo}' respectively. 
For example, if K is fixed, a group of K -quasi symmetric functions is a 

convergence group. 
A Mobius group is a group of Mobius transformations of T, or of the real 

axis R, or of the extended real axis R = Ru {oo} onto itself. We allow a Mobius 
transformation to be sense-reversing. We remark that a homeomorphism I of 
R is sense-preserving if and only if I is increasing on R with 1(00) = 00 , or 
if I is increasing on (-00, a) and on (a, 00) where a = I-I (00) is finite. 

A group G is nondiscrete if G contains a sequence gn of distinct elements 
such that gn ---> Id uniformly on T or on R. Here and later, Id denotes the 
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identity mapping of any set. Otherwise, a group is discrete, so that the limit of 
a sequence of distinct elements of G cannot be a homeomorphism, and only 
the alternative (ii) in the definition of a convergence group can then occur for 
such a sequence. 

If Z = (z I ' Z 2 ' Z 3 ' Z 4) is a quadruple of distinct points of T following each 
other in the positive or negative direction, we define the cross ratio C(Z) of 
Z by 

C(Z) = Z4 - ZI z3 - z2 
Z4 - z2 z3 - zi 

so that 0 < C(Z) < 1. We say that the homeomorphism f of T is K-
quasisymmetric (K-qs) if 

(2K)-1 :::; C(fZ) :::; 1 - (2K)-1 

whenever C(Z) = ~ . Here K 2: 1 and, of course, fZ = (f(zl)' f(z2) ,f(Z3) , 
f(z4))' A group G is K - qs if all the elements of G are K-qs. We say that 
G is a uniformly quasisymmetric group if G is a K-qs group for some K. 

1.2. The main structural problem concerning convergence groups on T is 
whether or not each such group G is topologically conjugate to a Mobius group, 
that is, if there is a homeomorphism f such that foG 0 f- I is a Mobius 
group. In [3], we proved that this is the case if G is a nondiscrete or abelian 
K -quasi symmetric group, or if G is a K -qs group all of whose elements have 
a common fixed point. In [5], Tukia has shown that a large class of discrete 
convergence groups are topological conjugates of Mobius groups. We remark 
that in [4, Theorem 4.4], Martin and Tukia showed that any discrete convergence 
group on the closed unit disk is topologically conjugate to a Fuchsian group. 

In this paper we prove the following result. 

Theorem 1. Let G be a convergence group on the unit circle. There is a homeo-
morphism f such that foGo f- I is a group of Mobius transformations provided 
that one of the following holds: 

(i) all functions in G have a common fixed point; 
(ii) G is abelian (in particular if G is cyclic); 

(iii) G is a finite group; 
(iv) G is nondiscrete; or 
(v) G is uncountable (and hence nondiscrete). 

Hence Theorem I is a generalization of the results in [2] and [3] for conver-
gence groups. Theorem 1 overlaps to some extent with Tukia's results in [5] as 
the latter apply to all finite groups and all abelian discrete groups. 

1.3. It is simpler to solve the conjugacy problem for convergence groups than 
for K-qs groups in the sense that for convergence groups, the function f in 
Theorem 1 is only required to be a homeomorphism, while if G is a K -qs 
group, one normally wants to find a KI-qs function f, where KI depends on 
K only, such that foG 0 f- I is a Mobius group. 
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However, many proofs of auxiliary results in [3] and in the earlier paper [2], 
on whose results we essentially relied many times in [3], depended on compact-
ness properties of the conjugating quasisymmetric functions, and these are no 
longer available for convergence groups. In [2] and [3], we often considered 
a sequence G n of K -qs groups and a corresponding sequence fn of suitably 
normalized KI-qs functions such that In 0 G n 0 In-I is a Mobius group for all 
n. We were able to deduce that a subsequence of In tends to KI-qs map f, 
which then conjugated some K -qs group to a Mobius group. 

Suppose now only that the G n are convergence groups and that the fn are 
homeomorphisms. Then, even though convergence groups have certain com-
pactness properties, there is no obvious guarantee that any subsequence of the 
fn would converge to a homeomorphism even if all the In fix three given points. 
It is not clear to me how such guarantees could arise from the fact that the fn 
conjugate to Mobius groups, the groups Gn that are, in some way, related to 
each other. Therefore, some of the methods that we shall develop are quite 
different from those used in [2] and [3]. 

There are, however, arguments, lemmas, and entire sections of [2] and [3] 
that can be used in the proof of Theorem 1 if they apply, essentially word by 
word, to convergence groups. If such arguments rely on lemmas for uniformly 
quasi symmetric groups, we can still appeal to them, provided that we have 
proved similar lemmas for convergence groups. We shall feel free to quote [2] 
and [3] in this way, whenever possible. 

1.4. Finally, for the sake of completeness, we record the following simple 
result. 

Theorem 2. Let G be a finite K -quasisymmetric group on the unit circle. Then 
there is a KI-quasisymmetric function f, where KI depends on K only, such 
that 

(1.1) f f -I {2rrin/N } o Go = Z 1-+ e z: 1 ::; n ::; N = G I ' 

say, or 

( 1.2) f -I 2rrin/N_ foG 0 = G I U {z 1-+ e z : 1 ::; n ::; N} . 

If G is a finite convergence group on the circle, there is a homeomorphism f 
such that foG 0 f- I is given by (1.1) or (1.2). 

Theorem 2 is relatively easy to prove for finite convergence groups as they are 
either cyclic or contain a cyclic subgroup of index two. For K-quasisymmetric 
groups, the main problem is to construct a KI-quasisymmetric homeomorphism 
f such that (1.1) or (1.2) holds, where KI depends on K only (and not, for 
example, also on the order of the group G). It is not hard to define f, but the 
proof that f is K I-qs is tedious. 

Theorem I will be proved in many stages, in §§2-8. We shall prove Theorem 
2 in the course of this work in §7. In §2 we prove some preliminary lemmas 
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and deal with cyclic groups. In §3 we show that we may assume the group G 
to be closed in a certain sense. Then we shall outline the proof of Theorem 1 
in §4, and go through the details in §§5-8. 

I wish to thank the referee for his suggestions concerning the exposition. 

2. CYCLIC GROUPS 

2.1. Notation. We denote the identity mapping of any set by Id. If g is a 
homeomorphism of a set onto itself, we write gO = Id and define gn = go gn-I 
and g-n = (gn)-I for n ~ 1. If s is real and b i- 0, we set 

~(x)=x+s forxER, 
Mb(x) = bx for x E R, 
Rs(z) = [exp(2nis)]z for Izi = 1. 

We write Y for the group {Ts: s E R} of all translations and .,It for the 
group {Mb: b > O} of all increasing dilations of R. The group {R,,: 0: E R} = 
{R,,: 0 ::; 0: < I} of all rotations of the unit circle T is denoted by 9! . 

We write e(x) = exp(2nix). If 81 < 82 < 81 + 2n and ai = e(8 i ) for 
i = 1 ,2, we write 

(2.1 ) 

We denote the corresponding closed and half-closed arcs by [ai' a2 ], [ai' a2 ) , 

and (ai' a2]. If I is an arc of T or a subinterval of R, we denote the length 
of I by III. 

Let h be a Mobius transformation of Tonto R. Then G is a convergence 
group on T if and only if hoG 0 h - I = G I is a convergence group on R. If 
all elements of G fix Zo E T, we may choose h so that h(zo) = 00, and then 
all elements of GI fix 00. Most properties that we shall be interested in, such 
as being conjugate to a Mobius group, are preserved under conjugation, so that 
such properties are the same for G and G I . For this reason, we shall feel free 
to consider a group on R instead of T whenever this is convenient and without 
further justification. Also we shall assume, whenever appropriate, that some or 
all elements of G fix the point at infinity. 

- I Whether we work on T or on R, we may replace G by hi 0 G 0 h~ where 
hi is a Mobius transformation taking T or R onto itself. We may choose hi 
to take given three distinct points onto some other given three distinct points 
which, on R, might be the point at infinity together with two finite points. We 
shall also feel free to make use of this observation. 

2.2. Lemmas on fixed points. We first develop some basic results about the 
elements of a convergence group. Lemmas 1 and 2 below are analogous to 
Lemmas 1 and 2 in [2] for quasi symmetric groups. Tukia [5] also observed that 
these two results are valid for convergence groups. We give the proofs for the 
sake of completeness. 
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Lemma 1. If g generates a convergence group and g -I- Id, then g has at most 
two fixed points on the circle. 
Proof. A sense-reversing function has exactly two fixed points. Hence we may 
assume that g is sense-preserving, g -I- Id, and g has at least three fixed 
points. We may consider the situation on R and assume further that g fixes 
0, 1, and 00 but that g fixes no point on (0, 1). Replacing g by g -I , if 
necessary, we may assume that g(x) > x for 0 < x < 1. Hence gn(x) -+ 1 as 
n -+ 00 for all x E (0,1]. 

Since g generates a convergence group, it follows from the above and from 
the definition of a convergence group that gn) (x) -+ 1 locally uniformly on 
R\ {Yo} , for some Yo E R and some subsequence gnj . This is impossible since 
each gn fixes 0 and 00, and Lemma 1 is proved. D 

Lemma 2. Suppose that g and h are elements of the convergence group G and 
that ZI' z2' and z3 are distinct points of the circle. If g(z) = h(zi) for 
1 ::; i ::; 3, then g = h . 

If g and h are defined on R, if g(oo) = h(oo) and g(xo) = h(xo) where 
Xo E R, and if g(x) < h(x) for x < x o' then g(x) > h(x) for x> Xo' 

Proof. The function hi = g -I 0 hE G, and hi (z) = zi for 1 ::; i::; 3. Hence 
hi = Id by Lemma 1, and so g = h . 

If the second statement is not true, we must have g(x) < h(x) for x -I- xo ' 
so that hl(oo) = 00, hl(xo) = xo ' and hl(x) > x for x -I- xo' But then 
h~(x) -+ 00 as n -+ 00 for all x > Xo while h~(x) -+ Xo as n -+ 00 for all 
x < xo' Since hi generates a convergence group, this leads to a contradiction, 
in view of the definition of a convergence group. Lemma 2 is proved. D 

Lemma 3. Suppose that g generates a convergence group and that g has no 
fixed points on the circle. Then, if N is a nonzero integer and gN has a fixed 
point, we have gN = Id. 

Hence either g is of finite order, or gn has no fixed points for any n -I- O. 

Lemma 3 is proved in the same way as [3, Lemma 4] by using the above 
Lemmas 1 and 2. Hence we omit the proof. 

2.3. Proof of Theorem 1 for cyclic groups. For easier reference, we state this as 
a lemma. 

Lemma 4. A cyclic convergence group is topologically conjugate to a Mobius 
group. 
Proof. Let the group be G, generated by g. We may assume that g -I- Id. 
We need only find a homeomorphism f such that fog 0 f- I is a Mobius 
transformation. In view of Lemmas 1 and 3, the following six cases can occur: 

(i) gf1 has no fixed points for any n -I- 0; 
(ii) g has no fixed points but gN = Id for some N:::: 2 ; 
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(iii) g has exactly one fixed point; 
(iv) g is sense-preserving with two fixed points; 
(v) g is sense-reversing with i = Id ; or 

(vi) g is sense-reversing with i i= Id. 

Note that for topological reasons, a sense-reversing map of T or of R onto 
itself has exactly two fixed points. 

Cases (ii) to (vi) are covered by [5, Theorem 2A], but we prefer to give a 
more detailed proof. Therefore we shall now go through the six cases one by 
one. 

In case (i), we deduce that g is a so-called minimal homeomorphism and 
that therefore there is a homeomorphism I such that log 0 I-I = Ra for 
an irrational number a E (0, I) , the rotation number of g. Furthermore, I 
is uniquely determined up to a rotation; that is, I could only be replaced by 
R fJ 0 I where P is real, and any real p would do. All of this was proved in [3, 
pp. 60-62] under the assumption that g generates a uniformly quasisymmetric 
group. However, as mentioned in [3, p. 62], Gaven Martin has observed that 
the same proof goes through when g generates a convergence group, and the 
modifications were explained in [3, p. 62]. 

In case (ii), we choose N ~ 2 with gN = Id to be as small as possible, so 
that N is the order of g. As in [3, pp. 29-30], we note that by replacing g 
by g' , if necessary, where I 5 I 5 N - I and gl generates the same group as 
g, we may assume that for all z E T, the points z, g(z), g2(z), ... ,gN-I(Z) 
follow each other in this order as we trace T in the positive direction. To find 
a homeomorphism I such that f- I 0 g 0 f = RI/N' that is, 

(2.2) I(cz) = g(f(z)) for z E T, 

where c = e(IIN), we define f(e(O)) = e(IfI(O)) for 0 5 0 5 liN, where IfI 
is linear on [0, liN] with 1fI(0) = 0 and 

0< 1fI(IIN) < I, e(IfI(IIN)) = g(l). 

Then (2.2) extends f to a homeomorphism of T onto itself such that f- I oGo I 
is a Mobius group. 

In case (iii), we may assume that g is defined on R with g(oo) = 00. 

Replacing g by g-I , if necessary, we may assume that g(x) > x for all real 
x. Given any positive r, we find a homeomorphism f of R onto itself with 
I( 00) = 00 and f- I 0 g 0 f = T, as follows. We require that 

(2.3) f(x + r) = g(f(x)) for all x E R. 

We set f(O) = 0, f(r) = g(O) > 0, and take f to be linear on [0, r]. Indeed, 
we could take I I [0, r] to be any increasing homeomorphism of [0, r] onto 
[0, g(O)], and we could choose s, t E R and replace [0, r], [0, g(O)] by 
[s ,s + r] and [t, g(t)], respectively. Now (2.3) extends f to an increasing 
homeomorphism of R onto itself satisfying (2.3). Note that for all real x and 
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all integers n, we have gn(x) < gn+1 (x) and further that gn(x) -+ 00 as 
n -+ 00 and that gn(x) -+ -00 as n -+ -00 since g has no finite fixed points. 
This proves Lemma 4 in case (iii). 

In case (iv), we may assume that g is defined on R, that g fixes 0 and 00, 

and that g(x) > x for x > o. Then g(x) < x for x < 0 by Lemma 2. We 
choose a number b > 1 and find a homeomorphism f fixing 0 and 00 such 
that f- I 0 g 0 f = Mb ' that is, 

(2.4) f(bx) = g(f(x)) for all real x. 

For example, we may take f to be linear on [-b, - 1] and on [1, b] with 
f(l) = 1 = -f(-l) and f(b) = g(l) > 1, f(-b) = g(-l) < -1. Then (2.4) 
extends f to R, and f- I 0 G 0 f is a Mobius group. 

In case (v), we may assume that g is defined and strictly decreasing on Rand 
that g fixes 0 and 00. We set f(x) = x for 0::::; x ::::; 00 and f(x) = -g(x) 
for -00 < x < o. Then (f 0 g 0 f-I)(x) = -x for all real x since i = Id. 

In case (vi), we may assume that g is decreasing on R with fixed points 
o and 00. Then g2 is sense-preserving and hence as'in case (iv) above. We 
may therefore perform a preliminary conjugation and assume that i(x) = 4x 
for x E R. We define f(x) = x for 0::::; x ::::; 00 and f(x) = -g(x)/2 for 
-00 < x < O. Then (f 0 g 0 f-I) (x) = - 2x for all real x. This completes the 
proof of Lemma 4. 0 

3. THE CLOSURE OF A CONVERGENCE GROUP 

We may consider a convergence group G on T to be a subgroup of the 
topological group of all homeomorphisms of T onto itself in the compact-
open topology, that is, in the topology of uniform convergence on T. So the 
homeomorphism h is a limit point of G if there is a sequence gn of distinct 
elements of G such that gn -+ h uniformly on T. The closure G of G is the 
union of G and the set of all limit points of G. 

When proving Theorem 1 for noncyclic groups, it will often be convenient for 
us to assume that G is closed. This is made possible by the following lemma. 

Lemma 5. If G is a convergence group on T, then so is G. 

If f is a homeomorphism such that f 0 Go f- I is a Mobius group, then 
foG 0 f- I is also a Mobius group. If G is nondiscrete, abelian, or uncountable, 
then so is G. If all the functions in G have a common fixed point zo' then 
also each element of G fixes zo. Hence we may always assume in the sequel 
that G is closed. 

Proof. To prove Lemma 5, let hn be a sequence of elements of G, and for 
each n, let gmn be a sequence in G such that gmn -+ hn uniformly on T as 
m -+ 00. We write 

Ilf - gilE = sup{lf(z) - g(z)1 : z E E} 
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when E c T, and III - gil = III - gilT' By passing to a subsequence, for each 
n, and using (i) of the definition of a convergence group, we may assume that 
Ilgmn - hnll < 2-m and Ilg:~ - h;111 < T m for all m and n. 

We write In = gnn E G. We may choose a subsequence In(k) , where 
n(k) 2: k, that satisfies (i) or (ii) of the definition of a convergence group. 
If (i) holds, then In(k) ---+ I and In(~) ---+ 1-1 uniformly on T, where I is a 
homeomorphism. Thus also hn(k) ---+ I and h~~) ---+ 1-1 since, for example, 

as k ---+ 00 . 

Ilhn(k) - III ~ Ilhn(k) - In(k) II + IIIn(k) - III 
~ 2-n(k) + IIIn(k) - III ---+ 0 

If (ii) holds, then In(k) ---+ Xo and In(~) ---+ Yo uniformly on compact subsets 
of T\ {Yo} and T\ {xo} , respectively. Let E be a compact subset of T\ {Yo} , 
and note that 111- gilE ~ III - gil for any E cT. Then 

Ilhn(k) - xollE ~ Ilhn(k) - In(k)II E + IIIn(k) - xollE 
-n(k) f. 

~ 2 + II n(k) - xollE ---+ 0 

as k ---+ 00. Hence hn(k) ---+ Xo uniformly on E, and similarly h~~) ---+ Yo 
uniformly on compact subsets of T\{xo}' This proves Lemma 5. D 

4. OUTLINE OF THE PROOF OF THEOREM 1 

4.1. Case (i). To prove (i) of Theorem 1, we proceed roughly as follows. We 
may assume that G is closed, that G is defined on R, and that all elements 
of G fix the point at infinity. Let Gr be the subset of G consisting of Id 
together with those elements of G that have no finite fixed points. In §§5 and 
6 we shall show that G r is a subgroup of G and that G r can be conjugated 
to a group of translations. 

Suppose for a while that G contains no sense-reversing (that is, decreasing) 
functions. Suppose further that G =I- Gr =I- {Id}. We shall show in §5 that then 
G r is not cyclic since G is not cyclic, and that the function conjugating G r to 
a group of translations (indeed, to all of 5T) also conjugates G to a Mobius 
group. 

We shall show in [emma 9 that if g, h E G fix different finite points then 
gohog- 1 oh- 1 is in Gr\{Id}. Hence,if Gr={Id},allfunctionsin G have 
the same finite fixed point, say the origin. We shall show in §6 that then G can 
be conjugated to a subgroup of all dilations. In a sense, this is very similar to 
the problem of conjugating Gr to a group of translations. 

If G contains decreasing functions, then, by the above, we may assume that 
the subgroup of G consisting of increasing functions is a Mobius group. As we 
shall explain at the end of §6, then G can be conjugated to a Mobius group, 
essentially following the arguments in [3, §3]. 
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4.2. Case (iv). Theorem 1 will be proved separately for finite groups (case (iii)) 
in §7, while after proving Theorem 1 for nondiscrete groups (case (iv)), it is 
easy to extend it to abelian groups and uncountable groups by following the 
arguments given in [3]. We now outline the proof of Theorem 1 for nondiscrete 
closed convergence groups G. There is a sequence gn of distinct elements of G 
tending to Id. We may take the gn to be sense-preserving, and then by Lemma 
4 each gn is topologically conjugate to a Mobius transformation, which may be 
hyperbolic, parabolic, or elliptic. We use the same terminology of the functions 
g n themselves. 

By passing to a subsequence, we may assume that the gn are all of the same 
type. 

Since G contains all the iterates of each gn and since G is closed, it turns 
out that G contains a subgroup topologically conjugate to one of !T, L , and 
9t. This will be proved in Lemma 14 in §8 below. By performing a preliminary 
conjugation, we may thus assume that G contains !T, L, or 9t . In [3, § 10], 
it was shown that if G is a uniformly quasisymmetric group containing !T or 
,9/! , then G is a Mobius group, and that if G is such a group containing L 
(and thus defined on Ii) then G can be conjugated to a Mobius group by a 
function f of the form 

f(x) = Ax' for 0:::; x:::; 00 

and 
f(x) = -Blxl' for - 00 < x < 0 

where A, B, and r are positive numbers. 
In the arguments in [3, § 10], we made no essential use of the assumption 

that G is a K -qs group. The same proof applies, word by word, to convergence 
groups. Thus we shall not repeat it in this paper. Our main problem, then, 
is to show that G indeed contains a group conjugate to one of !T, L, and 
9t . When all the functions gn are parabolic or hyperbolic, this is not too hard 
to do. However, much more care needs to be exercised when all the gn are 
elliptic, and the bulk of §8 is taken up by this case. This concludes our outline 
of the proof of Theorem 1 in case (iv). 

5. AUXILIARY RESULTS FOR THE TRANSLATION SUBGROUP 

5.1. Suppose that the convergence group G is defined on Ii and that all 
functions in G fix infinity. Recall that GT consists of Id and those elements 
of G that have no finite fixed points. In this section we shall establish a few 
auxiliary results related to G T . 

Lemma 6. If g, h E GT and g =I- h, then g(x) =I- h(x) for all real x. Hence 
g -1 0 h belongs to G T' and G T is a subgroup of G. Also G T is a convergence 
group. 

Lemma 7. If G is not cyclic and if G =I- GT =I- {Id} , then GT is not cyclic. If 
G is also closed, then G T is closed. 
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The proof of Lemma 7 is essentially the same as that of [2, Lemma 8, p. 
334]. Hence we omit it. 

Lemma 8. Suppose that G 1 = {Ts: s E S} is a subgroup of G where S is a dense 
subset of R. Then every element g of G is linear, of the form g(x) = ax + b 
where a and b are real and a =f. O. This applies also if G contains sense-
reversing functions. 

The proof of Lemma 8 is the same as that of [2, Lemma 9, p. 334], so we 
omit it. 

Lemma 9. If g and h are increasing functions that belong to G\{Id} and.fix 
different finite points, then H = go hog -1 0 h -I has no finite fixed points. Hence 
HE GT\{Id}. 

Lemmas 6 and 9 correspond to Lemmas 7 and 6 in [2], which were proved 
rather quickly by means of the corollary at the end of §3 in [2, p. 331]. This 
corollary is not always true for convergence groups, and so we have to resort to 
quite different arguments. Unfortunately, the simplest proof that I have been 
able to find for Lemma 6 is rather involved. For example, I do not even know 
of a short proof for the fact that the functions x + 1 and x + eX do not generate 
a convergence group. That group certainly cannot be conjugated to a Mobius 
group, since x + 1 and x + eX have no finite fixed points and would have to 
correspond to translations, while their graphs intersect at x = 0, which cannot 
happen to two distinct translations. The problem seems to lie in the fact that 
x + eX grows very rapidly as x -+ 00, indeed faster than any quasisymmetric 
function. 

Thus the proof of Lemma 6 is one of the main points where we introduce 
new methods that cannot be found already in [2] and [3]. The proof of Lemma 
9 is somewhat simpler than that of Lemma 6. 

5.2. Proof of Lemma 6. The idea of the proof is as follows. To get a con-
tradiction with Lemma 2, we find gl' g2 E GT such that gl =f. g2 but the 
graphs of gl and g2 intersect at least twice (at finite points). To do this, 
we need to find gl' g3 E GT whose growth, as x -+ 00, is so different that 
for any n 2 l, we have gl (x) > g;(x) for all large x. On the other hand, 
since g; (0) -+ 00 as n -+ 00 , the graphs of gl and g; intersect if n is large 
enough. By Lemma 2, we then have gl (x) < g;(x) for x < x n ' say. Further, 
gl and g3 will be constructed so that gl (x) - x and g; (x) - x tend to zero 
as x -+ -00, for all n 2 l. Then (gl 0 g;n)(x) - X is negative for x < g;(xn) 
and tends to zero as x -+ -00. Sublemma 1 below says that such a situation 
cannot occur, which gives the desired contradiction. It turns out that the choice 
g3 = T_I 0 gl 0 TI 0 g~1 yields a function growing more slowly than gl. 

5.2.1. To prove Lemma 6, suppose that g and h are distinct functions in 
GT . If h(x) :::; x < g(x) for all x, there is nothing to prove. By passing to 
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inverse functions, if necessary, we may assume that g(x) > x and h(x) > x 
for all x. 

We may assume that G is closed, by Lemma 5. Recall that Ts(x) = x + s 
for x, s E R. Suppose that g(xo) = h(xo) for some finite xo' By Lemma 4, 
and by interchanging g and h, if necessary, we may perform a preliminary 
conjugation and assume that h = Tl and that x < g(x) < x + I for x < xo' 
Then g(x) > x + I for x > x o ' by Lemma 2. 

We proceed by proving a series of claims formulated as sublemmas. For 
rp E G, we define F(rp) = T_l 0 rp 0 Tl 0 rp-l E G. We denote by !T the set of 
functions rp E G T such that graphs of rp and Tl intersect at some finite point, 
say Xl ' and such that x < rp(x) < x + 1 for x < Xl . Then rp(x) > x + 1 for 
x > Xl . Eventually, we need to prove that !T is empty. 

5.2.2. Sublemma 1. If Tl E G then there is no W E G such that W has a finite 
fixed point x o ' such that w(x) > x for x> x o ' and such that 

(5.1 ) lim (w(x) - x) = O. 
x--+-cx) 

Proof. One can verify that if (5.1) holds, then wq(x) -x ---> 0 as x ---> -00, 

for each q ~ 1. Hence wq(x) > x-I for x < xl(q), say. Set x 2 = Xo - 1. 
Then wq (x2 ) ---> -00 as q ---> 00 so that w q (x2 ) < x 2 - 1 for some q. Since 
w q (x) > x for x > Xo ' it follows that the graphs of the distinct elements w q 

and T_l of G have two finite points of intersection, which is against Lemma 
2. This proves Sublemma 1. 0 

Sublemma 2. If rp E!T then F (rp) =1= Id. Further, we cannot have rp (x + I) < 
rp(x) + 1 for all x. 

Proof. If F (rp) = Id then rp commutes with Tl . There is Xl such that rp(x I) = 
Xl + 1, and it follows that rp(XI +n) = TI(X I +n) for all integers n. By Lemma 
2, we have rp = Tl ' which is against our assumption. Hence F (rp) =1= Id . 

If rp(x + I) < rp(x) + 1 for all x, let Xl be the point with rp(x l ) = Xl + 1 . 
Then rp(x l - I) < (Xl - 1) + 1 = Xl and hence rp(x l ) < rp(XI - 1) + 1 < Xl + 1, 
which is a contradiction. This proves Sublemma 2. 0 

By Lemma 2, it now follows for rp E!T that either F(rp)(x) > x, that is, 

( 5.2) rp(x + 1) > rp(x) + 1 for all x, 

or F (rp) has a unique finite fixed point x 2 . In the latter case, one of the 
relations (5.2) and 

( 5.3) rp(x + I) < rp(x) + 1 

holds for x < rp(x2 ) , and the other one holds for x> rp(x2 ) . 

5.2.3. Sublemma 3. There is nofunction rp in ,,# such that rp(x)-x is bounded 
above for all x , Hence rp (x) - x ---> 00 as x ---> 00 . 
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Proof. To get a contradiction, suppose that there is a function rp in sr such 
that rp(x) < x + M for all x. For an integer k, we write 

(5.4) 

Then 

(5.5) x < rpk(x) < x + M for all x and k . 

We have rpk+I(X) < rpk(x) if and only if rp(x-k-1)+1 < rp(x-k). Hence 
the sequence rpk(x) is eventually monotonic for each x as k ----+ 00 and as 
k ----+ -00 , and the limits 

(5.6) 

exist for all x. In each case we may first pass to a subsequence and assume that 
(i) or (ii) in the definition of a convergence group holds for this subsequence and 
hence, by monotonicity, for the whole sequence rpk' By (5.5), the alternative (ii) 
in that definition cannot occur, and so rp + and rp _ are homeomorphisms and 
hence elements of G. Clearly rp + and rp _ commute with Tl ' and x ::; rp + (x) , 
rp_(x)::; x + M for all x. 

Next we show that 

(5.7) 

We have rp(x) < x + 1 for x < Xl and rp(x) > x + 1 for x > Xl ' for some 
Xl . If x is fixed, then eventually x - k < Xl as k ----+ 00, and x - k > Xl as 
k ----+ -00. Hence 

rpk(X) = rp(x - k) + k < (x - k) + 1 + k = x + 1 

for k > kl (x) > 0 and rpk(X) > x + 1 for k < k2(x) < O. say. Thus rp+(x) ::; 
x + 1 ::; rp _ (x) for all x. Since rp +' rp _ ,and Tl belong to G, it follows from 
Lemma 2 that either (5.7) holds or rp + = rp _ = Tl . 

If rp+ = Tl , consider w = T_l 0 rp E G. We have w(x) > x for x > 
Xl and w(x) < x for x < Xl' If e > 0 is given, choose ko so large that 
Irpk(x) - Tl (x)1 < e if k ~ ko and 0::; x ::; 1. With y = x - k ::; 1 - ko this 
means that Iw(y) - yl < e. Hence w(y) - y ----+ 0 as y ----+ -00. Now Sublemma 
1 gives a contradiction. So (5.7) holds, as asserted. 

We have rp* = rp_ 0 rp~l E G and rp*(x) > x for all x. Further, we have 

m = min{rp*(x) - x: 0::; x::; 1} > O. 

Since rp * commutes with Tl , that is, 

rp*(x + 1) - (x + 1) = rp*(x) - x, 

we have rp*(x) ~ x+m for all x. Thus (rp*l(x) ~ x+pm for all x if p ~ 1. 
We fix an integer p with p > 11m and note that (rp-n 0 rp;I)P ----+ (rp*)p 

uniformly on [0, 1] as n ----+ 00. Hence if n ~ no' say, and 0 ::; x ::; 1, we 
have 



and thus 

(5.8) 
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( rp _ n 0 rp ~ , )p (X) > (rp *)p (X) - (p m - 1) / 2 

~ x + pm - (pm - 1)/2 
= x + (pm + 1)/2 > x + 1. 
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Fix n ~ no. For any x E R, we have x = Y + N where NEZ and 
o ::; Y < 1 . We have 

Irpn(x) - rp_n(x)1 = Irpn-N(Y) - rp-n-N(y)1 < e 

if INI ~ No' say, that is, if Ixl ~ xo. Taking x = rp~'(z), so that Ixl ~ Xo if 
z ~ rpn(xO) or if z::; rpn(-xO)' we get 

-, 
I(rp-n 0 rpn )(z) - zl < e 

for such z. Hence (rp-n 0 rp~')(z) - z -+ 0 as z -+ ±oo. Consequently, we 
have 

(5.9) 

for each q ~ 1 . 
Now (5.9) with q = p and (5.8) imply that the graphs of the distinct func-

tions T, and (rp -n 0 rp ~ 'l have at least two finite points of intersection, which 
contradicts Lemma 2. 

So rp(x) - x cannot be bounded above, and thus for each n ~ 1, there is 
a point Yn such that rp(yn ) = Yn + n while rp(x) < x + n for x < Yn • Since 
Tn E G, it follows from Lemma 2 that rp(x) > x + n for x > Yn . Thus 
rp(x) - x -+ 00 as x -+ 00. This proves Sublemma 3. 0 

5.2.4. Sublemma 4. If rp E!7 then there is Xo such that (5.2) holds for all 
x> XO. 

Proof. Suppose that this is false for some rp E !7. Then by Sublemma 2, the 
function F(rp) has a finite fixed point X3 and (5.3) holds for x > x4 while 
(5.2) is true for all x < x4 where x4 = rp(X3 + 1). With 'I'(x) = rp(x) - x, (5.3) 
reads 'I'(x + 1) < 'I'(x) for x> x 4 • Hence rp(x) - x is bounded above, which 
contradicts Sublemma 3. This proves Sublemma 4. 0 

In fact, one can prove that (5.2) holds for all x, that is, F(rp)(x) > x for all 
x. 

Sublemma 5. If rp E /T and q ~ 1 , then there is Xq such that 

(5.10) F(rp)q(x) < rp(x) for all x> xq. 

Proof. We have F(rp)(x) < (rp 0 T, 0 rp-')(x) and hence 

F(rp)q(x) < (rp 0 Tq 0 rp-')(x) for all x. 
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Thus (5.10) holds provided that, with x = qJ(Y) , we have qJ(y+q) < qJ2(y) , that 
is, y + q < qJ (y). By Sublemma 3, this is true for all large y, and Sublemma 5 
is proved. 0 

In fact one can prove that F(qJ)(x) < qJ(x) for all x. This is not true for 
qJ(x) = x + eX , which then implies that x + 1 and x + eX do not generate a 
convergence group. However, for qJ(x) = x + 2x , for example, we do not get a 
contradiction in this way, considering only q = 1 . 

5.2.5. To prove Lemma 6, pick any qJ E g-, define qJk by (5.4) and qJ+ by 
(5.6). As in the proof of Sublemma 3 we deduce that qJ + exists and belongs to 
G. We set g = qJ 0 qJ ~ lEG. The definition of qJ + implies that g(x) - x ~ 0 
as x ~ -00, so that g(x) < x + 1 for x < xs ' say. Since qJ + commutes 
with TI , the function qJ + (x) - x is bounded. Hence by Sublemma 3, we have 
g(x) - x ~ 00 as x ~ 00. Finally, g(x) > x for all x. For if not, then 
g(x) < x for x < x6 ' say, and by what was proved above, we may apply 
Sublemma 1 to w = g and obtain a contradiction. Hence g E g- . 

As x ~ -00, we have g(x) - x ---t 0, and hence F(g)(x) - x ~ o. Conse-
quently, F(g)q(x) - x ~ 0 also, for each q ~ 1. Thus hq = go F(g)-q is in 
G and satisfies 

(5.11 ) 

for each q ~ 1 . 
By Sublemma 5, we have hq(x) > x for all large x. By Sublemma 4, there 

is y such that F(g)(x) > x for x > y. Hence F(g)q (x) ~ 00 as q ~ 00 

whenever x> y. So for z = y+ 1, there is q ~ 1 such that F(g)q(z) > g(z). 
With Zl = F(g)q(z) , this reads zl > hq(zl). Now it follows from Lemma 2 
that there is z2 such that hq(x) < x for all x < z2. In view of this and (5.11), 
we may apply Sublemma 1 to w = hq and obtain a contradiction. Thus the 
class g- is empty, and the first statement of Lemma 6 is proved. 

It is now obvious that if g, h E GT then g -I 0 h E GT so that GT is a 
subgroup of G. Also G T is a convergence group since G is. This proves 
Lemma 6. 0 

5.3. Proof of Lemma 9. First we note that H =1= Id , for if H = Id then go h = 
hog. But then, if g fixes XI and h fixes x2' we get g(x2 ) = h(g(x2)) so 
that g(x2) = x2 since x2 is the unique finite fixed point of h, by Lemma 1. 
This implies similarly that x I = x 2 ' which is against our assumption, and so 
H =1= Id. Actually, this argument should have been given at the beginning of the 
proof of [2, Lemma 6], but it was omitted there. 

By passing to inverse functions, if necessary, we may assume that g(x) > x 
and h(x) > x for all large x. By interchanging g and h, if necessary, we 
may assume that there is XI such that g(x) < h(x) for x > XI (and possibly 
for all x, of course). By performing a preliminary conjugation, we may then 
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assume that h(x) = 2x. Then g fixes x 2 where x 2 i- 0, and g(x) > x for 
x> x 2 • To see that this does not change the problem note that if, for example, 
g is replaced by g - 1 , then we need to consider 

-I -I -I -I 
g 0 hog 0 h = g 0 Hog = HI ' 

say. If the roles of g and h are interchanged, we consider hog 0 h -log -I = 
H- I . But H has a finite fixed point if and only if H- I or HI has such a fixed 
point. 

S.3.t. Suppose that H has a finite fixed point, where H(x) = g(2g- l (x/2)). 
Then the graphs of g(2x) and 2g(x) intersect at a finite point x3. We assume 
that 

( 5.12) g(2x) > 2g(x) for x > x3. 

By Lemma 2, we then have 

(5.13) g(2x) < 2g(x) for x < x3. 

For n 2: 0, we define gn E G by gn(x) = 2-n g(2n x). By (5.12), we have 

(5.14) 

and rnx3 --+ 0 as n --+ 00. There is x 4 > 0 such that g(x) < h(x) = 2x 
for x > x 4 ' and thus gn(x) < 2x for x > x 4 • Since gn(x) is eventually 
monotonic for any fixed nonzero x by (5.14), and trivially for x = 0, and 
since G is a convergence group, we deduce that gn(x) --+ g+(x) as n --+ 00, 

where g+ is a homeomorphism and g(x) < g+(x) :::; 2x for x > x4 • Clearly 
g+(2x) = 2g+(x) for all x. 

We may assume that G is closed so that g+ E G and thus g * = g+ 0 g -I E G. 
We have gn(x) --+ g+(x) as n --+ 00 uniformly on an interval [y, 2y] where 
y > 0 and g+(y) 2: 1. Therefore 

g+(2nz) 2-ng+(2nz) g+(z) --'---:::-- = = -- --+ 1 
g(2n z) 2 n g(2n z) gn(z) 

as n --+ 00 uniformly for y :::; z :::; 2y. It follows that 

lim g*(x) = lim g+(x) = 1. 
x-co x x-co g(x) 

Hence 

( 5.15) lim (g*)q(x) = 1 for each q 2: 1. 
x-co x 

For x < min(O, x 3), we have g(2n x) < 2n g(x) for all n 2: 1. Hence 
gn(x) < g(x) and so g+(x) :::; g(x) for these x. Since g+(x) > g(x) for 
x > x 4 ' it follows from Lemma 2 that g * has a finite fixed point x5 and that 
g*(x) > x if and only if x> x5. 
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Since (g*)q(X5 + 1) ---+ 00 and (g*)Q(X5 - 1) ---+ -00 as q ---+ 00, we conclude 
that for a sufficiently large q, we have 

(g*)Q(X5 + 1) > 2(X5 + 1) and (g*)Q(X5 -1) < 2(X5 -1). 

By this and (5.15), the graphs of the distinct elements (g*)Q and M2 of G 
have at least two finite points of intersection, which gives a contradiction by 
Lemma 2. If, instead of (5.12), we have g(2x) < 2g(x) for x > x 3 ' then an 
analogous argument gives a contradiction. This proves Lemma 9. 0 

6. FUNCTIONS WITH A COMMON FIXED POINT 

6.1. In this section we shall prove case (i) of Theorem 1. We prefer to state 
our intermediate results as lemmas to make it easier to refer to them. 

Lemma 10. If all the elements of the closed noncyclic convergence group G have 
a common fixed point, then there is a homeomorphism f such that f- I 0 Go f 
is a Mobius group. 

We may and will assume that G is defined on R and that the common fixed 
point is the point at infinity. First we consider the case when all the functions 
in G are increasing. 

Lemma 11. If all the elements of the closed noncyclic convergence group G are 
increasing functions on R and fix infinity, then there is an increasing homeo-
morphism f of R fixing infinity such that f- I 0 G 0 f is a group of functions 
of the form ax + b where a > 0 and b is real. 

6.1.1. We prove the following result, after which the rest can be done with less 
difficulty. 

Lemma 12. If G = GT =1= {Id} is closed and not cyclic, then there is a homeo-
morphism f such that f- I 0 G 0 f = g-, the group of all translations of R. 

Proof. To prove Lemma 12, we may proceed as in [2, pp. 335-336] when prov-
ing the case G = GT of [2, Lemma 10]. The convergence properties required 
for Sublemma 1 in [2, p. 335] now follow from the fact that G is a convergence 
group. In this way we may establish that G(x) = {g(x): g E G} = R for all 
x E R and that for each g E G, there is hE G such that g = h2 (= h 0 h). 

At this point we must essentially deviate from the proof in [2, p. 336] since 
the functions J; that would conjugate various cyclic subgroups of G to Mobius 
groups are now only homeomorphisms, not necessarily quasisymmetric, and 
thus not known to form a normal family. Therefore we cannot find the home-
omorphism f for G as a limit of the J;, but must rather define f in one go, 
which we now proceed to do. 

We choose go E G with go(x) > x for all x, and agree that go is to be 
conjugated to TI . For n ~ 1 , we find functions gn E G such that g~ = gn-I . 
We may choose f(O) in an arbitrary way; we take f(O) = O. For x = j /2 n 



ABELIAN AND NON DISCRETE CONVERGENCE GROUPS 103 

where j is an integer and n 2: 0, we set f(x) = g~(O). Since gm is an iterate 
of gn if n > m, it follows that the gn commute. Hence f(x) does not depend 
on the representation of x in the form j j2n • If XI and x2 are dyadic rational 
numbers and XI < x2 ' then we may write XI = j j2n and x2 = kj2n where 
j < k, so that 

. k 
f(x l ) = g~(O) < gn (0) = f(x2)· 

(To see this, note that each gn can be conjugated to a translation such as 
TI .) Thus f is strictly increasing on the set S = {j2 - n : j E Z, n 2: O} so 
that if f is continuous on S, then f has a unique extension to an increasing 
homeomorphism of R fixing infinity. Note here also that f(x) ~ 00 as X ~ 00 

in S since, for example, g;(O) ~ 00 as k ~ 00. Similarly, f(x) ~ -00 as 
X ~ -00 in S. 

6.1.2. To see that f is continuous at any XES, we use the following ar-
gument. For simplicity, we present the details only for right-hand continuity 
at X = O. Suppose that xn is a strictly decreasing sequence of elements of S 
tending to zero. Then 0 < f(xn+ l ) < f(xn) for all n, so that f(xn) ~ a 2: 0 
as n ~ 00. We need to show that a = f(O) = O. With each xn = kj2m 

we associate the function hn = g~ E G, so that f(xn) = hn (0). By pass-
ing to a subsequence, if necessary, we may assume that hn ~ h E G. (Since 
X < hn(x) ~ hi (x) for all x and all n 2: 1, possibility (ii) in the definition of 
a convergence group cannot occur.) If a> 0, then a = limn-too hn(O) = h(O), 
and so h(x) > x for all x by Lemma 2. 

For any N 2: 1, there is xn with xn = kj2m < 1jN. Then hN(X) ~ h:(x) ~ 
go(x) for all x. But hN (0) ~ 00 as N ~ 00, which is a contradiction. Hence 
a = 0, as required. 

6.1.3. We claim that f- I 0 gn 0 f = T2- n for all n 2: O. Then G I = f- I 0 Go f 
contains the subgroup {Ts: S E S}, and so by Lemma 8, the group G I is a 
Mobius group. Since GI is closed and each function in GI \{Id} has no finite 
fixed points, we conclude that G I = Y . This will then prove Lemma 12. 

Since f and gn are continuous, it suffices to show that 

(6.1 ) gn(f(x)) = f(x + 2-n) for all XES. 

If x = k j2m E S then we may choose the representation for x so that m 2: n . 
This gives 

2m - n k M 
gn(f(x)) = gm (gm(O)) = gm (0) 

where M = k + 2m- n , while x + Tn = Mj2 m and so f(x + Tn) = g;: (0) 
also. This proves (6.1), and the proof of Lemma 12 is complete. 0 

6.2. We continue the proof of Lemma 11. In view of Lemma 12, we may 
assume that G i= GT . Suppose that G\ {Id} contains two elements with distinct 
finite fixed points. Then GT i= {Id} by Lemma 9. Next, by Lemma 7 we see that 
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G T is closed and not cyclic, so that by Lemma 12 there is a homeomorphism 
I such that 1- 1 0 GT 0 I=!T. Since GI = I-loG 0 I contains !T, it follows 
from Lemma 8 that G I is a Mobius group. 

Hence we may assume that all functions in G\ G T have a common finite 
fixed point, which we may take to be the origin. If GT =I- {Id}, we may argue as 
above, so we assume that GT = {Id}. Thus all the elements of G fix 0 and 00. 

Since G is closed and not cyclic, we may proceed as in the proof of [2, Lemma 
10, pp. 336-337] to show that for any g E G there is hE G with h2 = g. 

We now continue as in the proof of Lemma 12 in Subsection 6.1 and choose 
go E G with go(x) > x for x > 0 that we conjugate to Me' Recall that 
Ms(x) = SX. We find gn E G such that g~ = gn-I for n ~ 1. If x > 0 and 
logx = kl2n where k E Z and n ~ 0, we set I(x) = g;(I). If x < 0 and 
log(-x) = kl2n , we set I(x) = g;(-I). Hence 1(1) = 1 and /(-1) = -1. As 
before, we can show that I is strictly increasing and continuous on the dense 
subset SI = {x: loglxl = kl2n, k E Z,n ~ O} of R and that I extends to 
an increasing homeomorphism of R fixing 0 and 00. Furthermore, we have 
(I-I 0 gn 0 f)(x) = x exp(2-n), first for all x E SI and thus for all x E R, 
for each n ~ O. Hence the group G2 = I-loG 0 I contains the subgroup 
{M{: logt = kl2n,k E Z,n ~ O}. Since G2 is closed, we have L C G2 . If 
hE G2 , there is b > 0 such that h(x) = Mb(x) = bx for x = 0,1, and 00. 

Thus h = Mb by Lemma 2, and so G2 = L is a Mobius group. This completes 
the proof of Lemma 11. 0 

Remark. Another approach to the case GT = {Id} would be to reduce it to two 
applications of Lemma 12 by considering the groups GI = LI 0 G 0 L~I and 
G2 = L2 0 G 0 L~ I , which are conjugate to !T, where LI (x) = logx for x > 0 
and L 2(x) = log( -x) for x < O. In this way we find a homeomorphism I of 
R such that for each g E G, the function I-log 0 I is of the form a(g)x 
for x > 0 and b(g)x for x < 0, for some positive a(g) and b(g), with 
a(g) = b(g) for at least one preassigned g E G\ {Id}. However, doing this and 
proving carefully that then a(g) = b(g) for all g E G so that I-loG 0 1= L 
seems to lead to a longer presentation than the proof given above. 

6.3. To complete the proof of Lemma 10, we may, in view of Lemma 11, 
perform a preliminary conjugation and assume that the subgroup Go consisting 
of the increasing functions in G is a Mobius group and that G =I- Go' Now 
we may proceed as in [3, §3] to identify the five cases that can occur and to 
construct I in each case. Nothing needs to be changed, but now it will suffice 
to prove only that I is a homeomorphism, not necessarily quasi symmetric. 
For completeness, we briefly review the five possible cases that arise, sometimes 
after a further preliminary conjugation of G by a function of the form ax + b : 

(1) Go contains the group !T of all translations. In this case G is already 
a Mobius group, by Lemma 8 given in §5 above. 
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(2) Go = {Id}. Then G = {g, Id} where gag = Id. The decreasing 
homeomorphism g of R has a unique finite fixed point, which we may assume 
to be the origin. We set f(x) = -g(x) for x ::; 0 and f(x) = x for x > o. 
Then f is an increasing homeomorphism of Rand (f a g a f- I ) (x) = -x, so 
that faG a f-I is a Mobius group. 

(3) Go = vi{ , the group of all increasing dilations of R. Now it is shown 
as in [3, pp. 12-13] that G is generated by vi{ and a single function g in 
G\Go ' and further that any such g is of the form g(x) = -Ax for x::; 0 and 
g(x) = -Bx for x> 0 for some positive numbers A and B. We set f(x) = x 
for x::; 0 and f(x) = JB/Ax for x> O. Then (fagaf-I)(x) = -JABx 
while fa Mb a f-I = Mb for all b > O. Thus faG a f-I is a Mobius group. 

(4) Go is the cyclic group generated by the translation TI • Now G is gen-
erated by Go and a fixed function g E G\Go. As in [3, subsection 3.5], one 
shows that g (x + 1) = g (x) - 1 for all real x. The decreasing function g has 
a unique finite fixed point, say the origin. Since g(x) - x is strictly decreasing 
and continuous on [0, 1] and takes the values 0 and - 2 at the endpoints, there 
is a unique point XI E (0,1) with g(xl ) = XI - 1 < O. We set f(x) = x/(2xl ) 
for 0::; x::; XI and f(x) = -g-l(x)/(2xl ) for g(xl ) ::; x < O. Then f is 
strictly increasing and continuous on [g(xl),g(xl ) + 1] and satisfies 

f(g(x l ) + 1) = f(x l ) = ! = -! + 1 = f(g(x l )) + 1. 

Now the condition f(x + 1) = f(x) + 1 extends f to an increasing homeomor-
phism of R that conjugates TI onto itself and satisfies (fag a f-I)(x) = -x. 
Thus faG a f-I is a Mobius group. 

(5) Go is generated by the dilation Mb where b > 1. This corresponds 
to case (ii) in [3, §3]. As in [3, subsections 3.6 and 3.7], we see that there is 
g E G\Go fixing the origin and commuting with Mb such that G is generated 
by g and Mb . We have i(x) = bn x for some integer n, and we set a = bn/ 2 

(possibly n = 0). We define f(x) = x for x 2: 0 and f(x) = -a-I g(x) for 
x < O. Then f is an increasing homeomorphism of Rand fa Mb a f-I = Mb 
while fag a f-I = M_ a . Thus faG a f-I is a Mobius group. 

This proves Lemma 10. 0 

Now case (i) of Theorem 1 follows from Lemmas 4, 5, and 10. 

7. FINITE GROUPS 

7.1. In this section we prove case (iii) of Theorem 1 as well as Theorem 2. 
Let G be a finite convergence group on T . By considering the possibilities that 
can arise in view of Lemma 4, we see that each element in the subgroup Go 
of sense-preserving elements of G can be conjugated to a rotation Rq where 
q is a rational number, and that each sense-reversing element g of G satisfies 
i = Id. If g,h E G\Go then hag-I = hI E Go and so h = hI ag. Hence 
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either G = Go or 

(7.1 ) G=Gou{hog:hEGO} forsomegEG\Go' 

and any g E G\Go would do .. 
The most essential part of the proof is to show that Go is abelian, which 

then implies that Go is cyclic, as we shall see. 

Lemma 13. If g and h are sense-preserving elements of the finite convergence 
group G, then g 0 h = hog. 
Proof. We may assume that g =1= h and that g =1= Id =1= h. We may represent g 
by a map go of R onto itself such that 0 < go(O) < 1 , 

go(x + 1) = go(x) + 1 and e(go(x)) = g(e(x)) 

for all real x. Similarly, we may represent h by ho' In view of Lemma 
4, we may perform a preliminary conjugation of G and assume that g is a 
rotation. Then go(x) = x + q where q is a rational number on (0,1) while 
x < ho(x) < x + 1 for all real x. (Recall that h has no fixed points on T.) 

Suppose that go h =1= hog. Then H = go h 0 g-[ 0 h-[ EGo \{Id} , so that 
H has no fixed points on T and H is of finite order. We represent go h by 
ho(x) + q = h[ (x) , say, and hog by ho(x + q) = h2(x). It does not matter if 
h[ (0) ~ 1 or h2(0) ~ 1. The graphs of h[ and h2 cannot intersect, and so we 
have, for example, h[ (x) < h2(x) for all x. Then 

ho(x) + q < ho(x + q) 

and hence 
ho(x) + nq < ho(x + nq) 

for all real x and all positive integers n. Choosing n so that nq is an integer, 
we get a contradiction since ho(x + m) = ho(x) + m for all x E Rand mE Z. 
This proves Lemma 13. 0 

7.2. Since Go is finite, it contains an element g of maximal order. Since, fur-
thermore, Go is abelian by Lemma 13, we may follow the proof of [3, Lemma 
7] and deduce that g generates Go. Even though [3, Lemma 7] is formulated 
for K-quasisymmetric groups, the proof works without changes for convergence 
groups also. This together with (7.1) proves that G has the structure given by 
(l.1) or (1.2). 

Let g generate Go' By Lemma 4, and by replacing g by a suitable iterate of 
g that also generates Go' we find a homeomorphism 1; such that 1; 0 g 0 1;- [ = 
R[/N where N is the order of g. If G is a K-quasisymmetric group, we may 
take 1; to be K[-qs where K[ depends on K only, by [3, Theorem 2]. We 
write 1; 0 Go 1;-[ = G[ and 1; 0 Go 0 f[-[ = G2 so that G2 is generated by 
R[/N' If G is K-qs then G[ is K2-qs where K2 depends on K only. 
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7.3. It remains to consider the case when G f:. Go so that Gl = G2 u {Rm/N 0 

h: 1 :=:; m :=:; N} where h is sense-reversing and h2 = Id. We may and will 
assume that N ~ 2 , for otherwise Gland hence G is a cyclic group of order 
two, generated by a sense-reversing function, and therefore topologically conju-
gate to a Mobius group by Lemma 4. For brevity, we write gm = R m/N • Since 
h 0 gl 0 h- l E G2 , we have h(cz) = c- I h(z) for some I with 1 :=:; I :=:; N, 
where c = e(lIN). Since h o gl E Gl\G2 , we have (hogl)2 = Id, and so 
z = h(ch(cz)) = c- I h2(cz) = cl- 1 z. Hence 1= 1 and 

(7.2) h(cz) = eh(z) for all z E T. 
We look for a homeomorphism f such that 

(7.3) 

and 

(7.4) 

f(cz) = cf(z) 

f(h(z)) = f(z) for all z E T. 

Then fogl of-l = gl and (foh of- l )(z) = z so that fo Gl of-l is a 
Mobius group. If Gl is K-qs (denoting K2 by K again, for simplicity), we 
want to make f K l-qs where Kl depends on K only. 

The function h has exactly two fixed points on T. We may conjugate Gl 
by a rotation, if necessary, and assume that h( 1) = 1 . 

Recall the notation (2.1). Since h is sense-reversing with h( 1) = 1 and 
h(c) = eh(l) = e, there is a unique point ZI = e(OI) where 0 < 01 < liN 
such that h(ZI) = ez l . (Note that the function ho representing h on R is 
decreasing with ho(O) = 0 and ho(1IN) = -liN while h(x) = x - liN is 
increasing with h(O)=-lIN and h(lIN) =0.) For O:=:;O:=:;0I,wedefine 
f(e(O)) = e(O[2NOd-l). For z = e(O) where 01 - liN:=:; 0 < 0, we define 
f(z) = f(h(z)) , in accordance with (7.4). Then f(ZI) = e([2N]-I) = d, say, 
and 

f(ez l ) = f(h(cz l )) = f(h 2(ZI)) = f(zl) = ef(zl)· 
Now we have defined f on the arc [ez l , ZI] with f(zl) = cf(ez l ) , and f 
is a homeomorphism of [ez l ,zl] onto [d,d]. Hence (7.3) extends f to a 
homeomorphism of T onto itself. 

7.4. To check that f satisfies (7.4) also, take z E T, and note that z = cmw 
where WE [ez l , ZI). Hence 

f(h(z)) = f(em h(w)) = em f(h(w)) = cmf(w) = f(z) 

by (7.2) and (7.3) if (7.4) holds with z replaced by w. If w E [ez l , 1) then 
(7.4) holds, with z = w, by the definition of f. If WE [1 ,zl) then w = h(u) 
where u E [e z 1 ' 1) and so 

f(h(w)) = f(u) = f(h(u)) = f(w), 
as required. Thus (7.4) holds for all z E T. 
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7.5. The above proves (iii) of Theorem 1. To complete the proof of Theorem 
2, we need to show that if GI is K-qs then the above 1 is KI (K)-qs. We 
choose a quadruple Z = (z I ' z2 ' Z 3 ' Z 4) of distinct points of T that follow 
each other in the positive direction such that C(Z) = t. We need to prove that 
then 

(7.5) 

For the rest of the proof, we shall denote by KI any constant greater than 1 
depending on K only, not necessarily the same at every occurrence. Further, 
we denote by eo' e I ' e2 ' . .. quantities in (0, t] that depend on K only. In 
cross-ratio calculations, note that 

C(ZI ,z2,z3,z4) = C(z3,Z4,zl ,Z2) 
(7.6) 

= l-C(z4,zl,z2,z3) = l-C(z2,z3,z4,zl)· 

To prove (7.5), let fo and ho represent 1 and h on R, respectively, so 
that e(fo(x)) = I(e(x)) and e(ho(x)) = h(e(x)) for all real x. Since 1(1) = 
h ( 1) = 1 , we may take fo (0) = ho (0) = o. Then fo is strictly increasing, ho is 
strictly decreasing, and fo(x + 1) = fo(x) + 1 and ho(x + 1) = ho(x) - 1 for all 
x E R. By (7.2) and (7.3) we have the stronger identities 

(7.7) fo(x + liN) = fo(x) + liN 

and 

(7.8) 

valid for all real x. The relation h(zl) = cZ I together with (7.8) implies that 
-I -I 

(7.9) ho(OI) = °1 - Nand ho(OI - N ) = °1 • 

7.6. We shall soon prove that fo is KI-qs on R. Assuming this, consider 
a quadruple Z on T with C(Z) = t. At least one of the arcs (Zj' Zj+I)' 
where z5 = ZI' has length at least n12. By (7.6), we may renumber the Zj' 
if necessary, and assume that l(z4' zl)1 ;::: n12. Suppose that Zj = e(xj ) where 
o ::; XI < 1 and XI < x2 < X3 < x4 < XI + 1 . In fact, then x4 ::; XI + i. Thus 

A::; C(XI ,X2 ,x3 ,x4) ::; 1 - A 

where A is an absolute constant with 0 < A ::; t, as the reader may verify. 
Suppose that fo is KI-qs on R with 10(00) = 00. Then 

0< eo ::; C(fo(x l ) '/0(x2), fo(x3), fo(x4)) ::; 1 - eo < 1. 

We may deduce from this that 

(7.10) 

provided that 

(7.11) 
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Since fa(x 1)+1 = fO(Xl+l), since x 4 ~xl+Lsothat X4 -X1 ~ 3[(x1+l)-x4 ], 

and since fa is Kl -qs, standard distortion theorems for qs functions imply that 
(7.11) and hence (7.10) holds. 

It remains to prove that fa is K l-qs on R, which will be the case provided 
that 

(7.12) _1 < fa(x + t) - fo(x) < K 
Kl - fa(x) - fa(x - t) - I 

whenever x E Rand t > O. By (7.7), this is seen to be true provided that 
(7.12) holds whenever x ,x±t belong to some fixed interval of length 2/N (cf. 
[3, subsection 3.5]). 

7.7. We make the preliminary observation that 

(7.13) 

If N = 2k + 1 ~ 3, set P = ck so that h(P) = ck = P = Ck+1 and h(P) = p. 
For the quadruple Z = (I,ZI'C,P), we have hZ ='(I,cz1 ,c,P). If 01 ~ 
(2N)-1 then 

C(hZ) = P - 1 c - cZ1 = P - 1 1 - zl 

P-cz 1 c-l P-cz 1 l-c 

satisfies 

h 2 2sin(n01) 2nO I nNO I n 091 
C( Z) ~ le(I/3) - 112sin(n/N) ~ V3(2/n)(n/N) = V3 ~ 2V3 < . 

so that C(Z) ~ 1 - e4 since h- 1 = h is K-qs. Thus 

e4~ l-C(Z)=C(P,I,ZI,C)=lc- PI Zl-~I c - Zl - P 
< ~ 2sin(n01) < ~NO 
- V3 2 sin( n / N) - V3 I ' 

which gives (7.13). If (2N)-1 < 01 < N- 1, we see in the same way that 
C(Z) ~ A < 1 where A is an absolute constant, and thus C(hZ) ~ l-e4 • This, 
in turn, implies that Iz I - cl ~ eslc - 11, so that (7.13) holds. If N = 2k ~ 4, 
we argue in the same way, with P = P = h(P) = l = -1 . 

If N = 2 so that h fixes the points ± 1 , we consider the quadruple Z = 
(1, Zl' - 1, - i). Now c = -1 and h(ZI) = -Zl' Suppose first that 01 ~ 
(2N)-1 = ~ so that Zl E (1, i]. Then 

. 1 sin(n01) 
1 - C(Z) = C(ZI' - 1, - 1,1) = V2 sin[n(1 + 201)/4] 

n01V2 nV2 3 
< 1 + 20 ~ -6- < 4' . 

I 
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Thus C(Z) > * and so 

e6 :::; C(hZ) = C(1, - ZI' - 1 ,h(-i)) = 11 ~ Z'llhh(~~); :11. 

Since h is sense-reversing and i E [z I' - 1), the point h (i) lies on the arc 
(-I,h(zl)],sothat h(-i)=-h(i)E(I,h2(zl)]=(I,zd. Note that h(-z) = 
-h(z) by (7.2) since c = -1. It follows that 

I h(-.i) - 1 1< 11 - ZII = 11- zil. 
h(-l)+ZI - 2z1 2 

Hence 11 - z,1 = 2sin(n81) ~ 2,;e(, and (7.13) follows, with N = 2. If * < 81 < !, we argue in the same way. This completes the proof of (7.13). 

7.8. We continue with the proof of (7.12). By the definition of f, we have 

(7.14) fo(x) = x/(2N81) for 0:::; x :::; 81 

and 

(7.15) fo(x) = - fo(ho(x)) = -ho(x)/(2N81) for 81 - N- I :::; X < O. 

Suppose that ho is KI-qson [8 1-N- I ,0]. Recall that we say that ho is KI-qs 
on an interval I if and only if 

(7.16) _1 < ho(x + t) - ho(x) < K 
KI - ho(x) - ho(x - t) - I 

whenever t > 0 and x, x ± tEl. If, furthermore, 
-I ho ( - x) fo ( - x) .-1 

(7.17) KI :::; x =- fo(x) :::;KI forO<x:::;mm{81,N -81}, 

we may apply [2, Lemma 4, p. 322] to 10 on the intervals [81 - N- I ,0] and 
[0,81] to conclude that 10 is KI-qs on [81 - N- I ,81], 

By (7.7), it follows that 10 is KI-qs on [81 ,81 + N- I ] also and thus KI-qs 
on [81 - N- I ,8 1 + N- I ], by [3, Lemma A, p. 8] and by (7.13), provided that 

(7.18) _1 < 10(81 + t) - 10(81) < K 
KI - 10(81) - 10(81 - t) - I 

for 0 < t :::; 82 = min{8 1 ,N- I - 81}. Note that [3, Lemma A] is a slight 
extension of [2, Lemma 4]. Since 82 ~ e3N- I by (7.13), it suffices to prove 
(7.18) for 0 < t :::; 82 rather than for 0 < t :::; N- I , that is, whenever 81 and 
8 I ± t belong to [8 I - N- I , 8 I + N- I ]. Thus to complete the proof that 10 is 
KI-qs on R, it remains to establish (7.16)-(7.18), which we now proceed to do. 

7.9. To prove (7.16), suppose that XI < x2 < X3 < x4 and that either Xi E 

[-N-I,O] for 1:::; i :::; 4 or Xi E [8 1 - N- I ,81], for 1 :::; i :::; 4. Suppose 
further that 

(7.19) 



ABELIAN AND NONDISCRETE CONVERGENCE GROUPS III 

for some e7 = e7(K) to be determined later. Set Zj = e(x) for 1 ~ j ~ 4. 
Then Z I ' z2' z3' and z4 follow each other in the positive direction on an arc 
of T of length not exceeding 2n/N ~ n, and so, by (7.2) or (7.8), the h(z) 
follow each other in the negative direction on an arc of length not exceeding 
2n/N. Thus 

and so 

Therefore 

(7.20) 0< elo ~ C(ho(xl ) , hO(x2) , hO(X3) ' hO(x4)) ~ 1 - elO < 1. 

Now (7.20) implies (7.16) as follows. Define II = [-N-I,O] and 12 
[O,Od. If x ,x ± tEll' we apply (7.19) to 

xl=x-t, x2 =x, X3=X+t, andx4 =01· 

Then 
~ ~ C(XI ,x2 ,x3 ,x4 ) = ~{1 + t/(Ol - x)} = y, 

say. If -N- I /2 ~ x < 0, then t ~ -x and 

1 { X} NO I e3 
y ~"2 1- 01 .-x ~ 1- 2(1 +NOI ) ~ 1- 2(1 +e3) < 1 

by (7.13). If -N- I < x < -N- I /2, then t ~ N- I + x and 

-I -I Y ~ I-NOI(2NOI + 1) ~ l-e3(1 +2e3) . 

Thus (7.19) holds with e7 = e3(2e3 + 2)-1. Therefore (7.20) is also valid, and 
consequently 

ho(x + t) - ho(x) ho(OI) - ho(x - t) 
elo ~ h h h h . o(x + t) - o(x - t) 0(01) - o(x) 

Now ho(x) ~ ° and ho(x ± t) ~ ° while 
-I -I -I 

ho(OI) = 01 - N = -N (1 - NO I ) ~ -e3N 

by (7.9) and (7.13). Since also ho(x - t) ~ ho(-N- I ) = N- I , we obtain 

ho(x + t) - ho(x - t) -e3N- 1 - N- I e3 + 1 2 
ho(x + t) - ho(x) elo ~ -e3N- 1 = -e-3 - ~ e3 ' 

which gives the left-hand inequality (7.16). 
By (7.20) and (7.6) we have, furthermore, 

elO ~ C(hO(x4) , ho(xl ), hO(x2), hO(x3)) 
ho(x) - ho(x - t) ho(OI) - ho(x + t) ho(x) - ho(x - t) 

ho(x + t) - ho(x - t) ho(OI) - ho(x) ~ ho(x + t) - ho(x - t) . 
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This yields the right-hand inequality (7.16), and we have proved (7.16) whenever 
x ,x ± 1 E I, . 

If x, x ± 1 E 12 ' we see in the same way that (7.16) holds, by considering the 
quadruple 

-, 
x,=O,-N , x 2 =x-l, x 3 =x, andx4 =x+l. 

Suppose that 0 < I:::; !min{O, ,N-' - OJ}. Then we see that (7.16) holds 
with x = 0, by considering the quadruple x, = -I, x 2 = 0, x3 = I, and 
x4 = 0, ' and by noting that 

ho(O,) - ho(-I) 2N-' - 0, 2 
ho(O,) :::; N-' - 0, :::; 83 ' 

say, by (7.9) and (7.13). 
Now [3, Lemma A] implies that (7.16) holds whenever x ,x ± 1 E I, U 12 = 

[-N-' ,Od. This completes the proof of (7.16). 

7.10. We proved (7.16) on the larger interval [-N-' ,Od in order to use it to 
establish (7.17) and (7.18). Since ho(O) = 0, we get from (7.16) that 

-, 
(7.21) K, :::; Iho(x)/ho(-x)l:::; K, 

for 0 < x:::; min{O, ,N-' - O,}. Next note that since e(ho(O)) = h(e(O)) and 
h2 = Id, we have e(h~(O)) = e(O) for all real 0. Thus h~(x) = x+n for some 
integer n, for all real x. Since ho(O) = 0 so that h~(O) = 0, we have 

2 
(7.22) ho = Id . 

Now we obtain (7.17) by reasoning as in [3, subsection 3.4]. Thus, for 
example, if 0 < x < ho( -x), then 0 > ho(x) > h~( -x) = -x so that 
0< -ho(x)/x < 1. By (7.21), we have 

1 ho( -x) _ ho( -x) -ho(x) 
< - h ( ) < K" x - 0 x x 

and (7.17) holds. If 0 < ho( -x) :::; x, we argue in the same way. This proves 
(7.17). 

7.11. It remains to prove (7.18). By (7.14) and (7.13), we have 10(0,) -
10(0, - t) = 1/(2NO,) for 0 < t:::; °2 • By (7.7), (7.15), and (7.8), we obtain 

10(01 + t) - 10(0,) = 10(01 - N-' + I) - 10(01 - N- 1) 

_ ho(O, - N- 1) - ho(OI - N- 1 + t) _ ho(O,) - ho(O, + I) 
2N0 1 2N0 1 

for 0 < t :::; 02 . Thus we need to show that 

(7.23) K~I :::; [ho(OI) - ho(OI + t)]/I:::; KI for 0 < t:::; °2 • 
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The proof of (7.23) is similar to the estimation of the quantity in [3, (3.16), 
p. 16]. Suppose first that J == ho(OI) - ho(OI + t) ~ t. We have ho(OI + t) = 
ho(OI) - J = °1 - N- I -15 . By this, (7.22), and (7.9), we get ho(OI - N- I -15) = 

h~(OI +t) = °1 +t = ho(OI-N-I)+t. Thus ho(OI-N-I-J)-ho(OI-N- I ) = t. 
We proved (7.16) when x ,x±t E [-N- I ,0]. Thus ho is KI-qs on [-N- I ,0], 
which contains the interval [° 1 - N- I - °2 ,°1 - N- I + °2], and consequently 

ho(OI - N- I ) - ho(OI - N- I + t)::::: KI{ho(OI - N- I - t) - ho(OI - N- I )} 
-I -I 

::::: KI{ho(OI - N -15) - ho(OI - N )} = KIt 

since ho is decreasing and 15 ~ t. So by(7.8), 

J = ho(OI - N- I) - ho(OI - N- I + t) ::::: KIt, 

and (7.23) holds. If 15 < t, we get similarly 

t = ho(OI - N- I -15) - ho(OI - N- I ) ::::: ho(OI - N- I - t) - ho(OI - N- I ) 
-I -I 

::::: KI {ho(OI - N ) - ho(OI - N + t)} = KIJ, 

which implies (7.23). This completes the proof of (7.23) and hence that of 
(7.18). Thus the proof of (7.5) is also complete. 

Theorem 2 is proved. 0 

8. NONDISCRETE GROUPS 

8.1. We shall prove the following result, after which case (iv) of Theorem 1 
can be handled essentially by quoting arguments from [3]. 

Lemma 14. Let G be a closed nondiscrete convergence group. Then there is a 
homeomorphism I 01 T onto itself such that loG 0 I-I contains c91, or there 
is a homeomorphism I 01 Tonto R such that loG 0 I-I contains:T or vi! . 

Suppose that G is a closed non discrete convergence group and that Lemma 
14 holds. By performing a preliminary conjugation, we may assume that G 
contains :T, vI!, or c91. If G contains :T or c9l , we may proceed as in the 
proof of [3, Lemma 10] and show that G is a Mobius group. If vi! c G we 
may prove as in that lemma that there is a homeomorphism I of the form 

I(x) = Axr for 0 ::::: x ::::: 00 

and 
I(x) = -Blx( for - 00 < x < 0, 

where A, B, and r are positive numbers, such that I-loG 0 I is a Mobius 
group. In view of Lemmas 4 and 5, this then proves Theorem 1 in case (iv). As 
the proof of [3, Lemma 10] works for convergence groups instead of uniformly 
quasisymmetric groups without any essential changes, we do not give any further 
details here. 
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Lemma 14 corresponds to the results given in [3, §9] for nondiscrete uni-
formly quasisymmetric groups, some of which are contained in [3, Lemma 9]. 
The proof of Lemma 14 must be essentially different from the arguments given 
in [3] since the conjugating homeomorphisms for cyclic subgroups of G are, 
again, not known to form a normal family. 

Let G be nondiscrete and closed. As in [3, subsection 9.1] and in view of 
Lemma 4, we can find a sequence gn of distinct sense-preserving elements of G 
tending to Id uniformly on T (with g;;l -+ Id also) as n -+ 00, such that each 
gn can be conjugated to the same type of Mobius transformation: parabolic, 
hyperbolic, or elliptic. We shall use these terms of the gn also. 

Recall the notation (2.1), which will be used repeatedly. 

8.2. Suppose that each gn is parabolic with fixed point an. By passing to a 
subsequence, we may assume that an -+ a E T. We choose fJ E T, fJ =I- a, 
and show that for each YET with a =I- y =I- fJ , there is a parabolic element g 
of G fixing a such that g(fJ) = Y . 

Let fJ and I be given, and let In be an arc containing I but not a or fJ , 
with IInl < lin. Since gn -+ Id uniformly on T, we can find, for all sufficiently 
large n, an integer m(n) such that hn(fJ) E In where hn = g;;(n) E G. Since 
G is a closed convergence group, we may pass to a subsequence and assume 
that either hn -+ g E G uniformly on T, or hn -+ Xo and h;; 1 -+ Yo uniformly 
on compact subsets of T\{yo} and T\{xo} ' respectively, for some Xo ,Yo E T. 

To eliminate the latter possibility, suppose that it holds. Write Y n = hn (fJ) -+ 

Y , and let Qn be the Mobius transformation of T onto itself with Qn (a) = an ' 
Qn(fJ) = fJ, and Qn(y) = In· Then Qn -+ Id uniformly on T a~ n -+ 00, and 
An = Q,~l 0 hn 0 Qn -+ Xo while A;;l -+ Yo uniformly on compact subsets of 
T\{yo} and T\{xo} ' respectively. On the other hand, we have An(a) = a, 
An(fJ) = y, and A;;l(y) = fJ for all n, and at least one of a, fJ, and y is 
not among Xo and Yo. Considering all possibilities, we see that either Xo = y, 
Yo = a or Xo = ():, Yo = fJ . 

Without loss of generality, we assume that Xo = I and Yo = a, that the points 
a, fJ, and I follow each other in the positive direction on the circle, and that 
either an E [a,ca] for all n or an E [ca,a] for all n where c = e(e) and e 
is a sufficiently small but fixed positive number such that fJ, y 1:. [ca, cal = J, 
say. Now consider the fact that h is parabolic with fixed point a and that n n 
hn moves fJ in the direction of I. If an E [a, cal then hn(ca) E J. If 
an E [ca,a] then hn(ca) E [ca,a]. Hence hn(ca) does not tend to y, which 
is a contradiction. We conclude that hn -+ g E G uniformly on T. 

Clearly g(a) = a and g(fJ) = y, so that g =I- Id. Also g is sense-preserving 
but not elliptic. If g is not parabolic, then g is hyperbolic and g( zo) = Zo for 
some Zo distinct from a, fJ, and I. We may again assume that fJ E (a, y) . 
Clearly Zo E (a, fJ) or Zo E (y, a). If Zo E (y, a) then, since g moves fJ 
toward zO' the point Zo must be the attractive fixed point of g. Hence, if 
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ZI E(Zo,o:),wehave g(ZI)E(Zo,ZI)' But hn(ZI)E(ZI,O:n) for all n and so 
g(z I) E [z 1,0:], which is a contradiction. If Zo E (0:, fJ) , we argue in the same 
way. Hence g is parabolic. 

Using Lemma 10, we can now find a homeomorphism f: T --+ R with f(o:) = 
00 such that foG 0 f- I contains Y. 

8.3. Suppose that each gn is hyperbolic with fixed points O:n and fJn , and 
that O:n --+ 0: and fJn --+ fJ as n --+ 00. If 0: =I- fJ , let I be one of the open arcs 
joining 0: and fJ, and choose y E I. Proceeding as in Subsection 8.2, we can 
show that for each J E 1\ {y} there is a hyperbolic element g of G fixing 0: 

and fJ such that g(y) = J. By using Lemma 10 we find a homeomorphism f 
of Tonto R with f(o:) = 0 and f(fJ) = 00 such that foG 0 f- I contains 
L. 

If 0: = fJ , we choose y =I- 0: and show that for each J E T\ {o: , y} there is a 
parabolic element g of G fixing 0: such that g(y) = J. Then it will follow as in 
Subsection 8.2 that there is a homeomorphism f such that foG 0 f- I contains 
Y. As before, we choose hn = g;;(n) so that IJn -JI < lin where I n = hn(y). 
By using the methods of Subsection 8.2 and by passing to a subsequence, if 
necessary, we see that hn --+ g E G uniformly on T as n --+ 00, where g is 
parabolic with g(o:) = 0: and g(y) = J, as required. 

8.4. Suppose that each gn is elliptic and conjugate to R,,(n) where 0 < 100(n)l::::; 
!-. By passing to a subsequence and replacing g n by g;; I , if necessary, we may 
assume that o:(n) > 0 for all n. As in [3, Subsection 9.2], we see that o:(n) --+ 0 
as n --+ 00. 

If there are g E G and a homeomorphism f such that fog 0 f- I = R" 
where 0: is irrational, then G I = foG 0 f- I contains Rna for all integers n. 
Since G and hence G I is closed, we have ,91 c G I' SO we may assume from 
now on that all elliptic elements of G are of finite order. 

8.4.1. It is convenient to formulate a few auxiliary results as lemmas. 

Lemma 15. Suppose that hn = g~n(n) --+ h as n --+ 00 uniformly on T where h 
is a homeomorphism and each m(n) is a positive integer. Then h E G, and if 
h =I- Id, then h is elliptic or parabolic. If h =I- Id then m (n) --+ 00 as n --+ 00 . 

Proof. Since gn --+ Id, we have g~ --+ Id for any fixed k. Thus m(n) --+ 00 if 
h =I- Id. We have h E G since G is closed, and clearly h is sense-preserving. 
If h =I- Id and if h is not elliptic or parabolic, then h is hyperbolic. Suppose 
that h has attractive fixed point Z I and repulsive fixed point z2' and pick 
z3 E (ZI' z2)' Then h(z3) E (ZI' z3)' Thus hn(z3) E (ZI' z3) for all large n. 
Hence for any Z4 E (z2' ZI)' we have hn(z4) E (z2' Z4) for all large n, for 
if not, then hn will have a fixed point on [z3' Z4] for topological reasons. It 
follows that h( Z 4) E [Z 2' Z 4] , which is a contradiction since Z I is the attractive 
fixed point of h. This proves Lemma 15. D 
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Note that a function g;;(n) is either elliptic or the identity. If g;;(n) does 
not tend to Id, then g;;(n) is elliptic for all large n. 

8.4.2. Lemma 16. If the m(n) are positive integers and if g;;(n) -+ Xo and 
g;;m(n) -+ Yo as n -+ 00, locally uniformly on T\ {Yo} and T\ {xo} , respectively, 
then Xo = Yo. Furthermore, m(n) -+ 00 as n -+ 00. 

Proof. We see that m(n) -+ 00 as in the proof of Lemma 15. Suppose that 
Xo =f. Yo· Then, if the positive number e is small enough and n is large 
enough, the function g;;(n) maps [cyo,cYo] into (cxo,cxo) where c = e(e). 
Hence the image of J = [cYo' cYo] under g;;(n) contains [cxo' cXo] , which, in 
turn, contains J is e is small enough. This implies, for topological reasons, 
that g;;(n) has a fixed point on J , which is a contradiction. This proves Lemma 
16. 0 

Lemma 17. If g;m(n) -+ h E G where h is parabolic, and if g;;(n) -+ Xo and 
g;;m(n) -+ Yo uniformly on compact subsets of T\ {Yo} and T\ {xo} , respectively, 
then Xo = Yo and Xo is the fixed point of h. 
Proof. By Lemma 16, we have Xo = Yo. We claim that h(xo) = xo. If I 
is any open arc containing Xo and if J = TV, then g;;(n)(J) c I and so 
g;;(n) (I) ::J J for all large n, since g~n(n) is a homeomorphism of T. Thus 
g;m(n)(J) ::J g~n(n)(J) = I n , say, and IJnl -+ 0, I n -+ xo. It follows that Xo E 

h(l). Since I was an arbitrary interval containing xo' we have h(xo) = xo' as 
asserted. This proves Lemma 1 7. 0 

8.4.3. Lemma 18. Suppose that a and b are distinct points of T, that 0 < 
m(n)a(n) < 1, and that g;;(n) -+ g E G where g(a) = b. Then g is elliptic 
or g is parabolic with fixed point Zo distinct from a and b. Further, there 
is a sequence k(n) of integers with Ik(n)1 -+ 00 such that g:(n) -+ h E G 
where h2 = g. The function h is parabolic if and only if g is, and then 
h(zo) = g(zo) = Zo· 
Proof. Since gn -+ Id, we may assume that each m(n) is even and write 
m(n) = 2p(n). If a subsequence of g~(n) tends to a homeomorphism h, then 
h E G since G is closed, and the remaining statements about h are obvious. 
Note that g =f. Id since g(a) = b =f. a, so that g is elliptic or parabolic by 
Lemma 15. 

If no subsequence of g~(n) tends to a homeomorphism, then g~(n) -+ xo' 
and g;;p(n) -+ Xo also, by Lemma 16 (we retain the notation p(n) for any 
subsequence that we consider). If Xl tf. {xo,g-I(XO)} ' then 

g~p(n) (Xl) = g~p(n) (g~(n\Xl)) -+ g(XO) 

and 
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since g~p(n)(XI) ~ g(x l ) -=f. xo. Hence g(xo) = Xo so that g is parabolic and 
Zo = xo· Thus Xo -=f. a, b . 

By Lemma 4, there is a homeomorphism In such that In-I 0 gn 0 In = Ra(n) . 

Since a(n) > 0 and 0 < 2p(n)a(n) < 1, the points a, gn(a), g~(a), ... , 
g~p(n\a) , and a follow each other in the positive direction on T. Hence, in 
particular, 

(8.1 ) g~(n)(a) E (a,g~p(n)(a)) C (a,cb) 

for all large n. Here and later, c = e(e) and e is any small positive number. 
Thus Xo E (a, b) since g~(n)(a) ~ xo. 

We may assume that g;;p(n)(xo) ~ XI and g~(n)(xo) ~ x2' so that g(xl ) = 
x2 . If XI = x 2 = Xo then for all large n, we have g;;p(n)(xo) E (a,xo) and 
g~(n)(xo) E (xo' eb), so that g;p(n)(a) E (a, eb). Since g~p(n)(a) ~ b, this is 
impossible. Thus XI -=f. x2 . Since 0 < 2p(n)a(n) < 1, we have g~(n)(xo) E 

(xo,g;;p(n)(xo)) for all n. Hence Xo E(XI ,X2) and Xo <t [X2,xl ]· 

Since gn ~ Id, we can find a sequence k(n) ~ 00 such that g~k(n)(X2) ~ 
XI. We have 2k(n) ~ p(n) for all large n. For if 2k(n) > p(n) for some 
subsequence of k(n), then g~(n\X2) E (X2,CXI ) where c = e(e). This is 
impossible since g~(n) (x2) ~ Xo . 

We may assume that g~k(n) satisfies (i) or (ii) in the definition of a con-
vergence group. If g;k(n) ~ Yo' so that g;;2k(n) ~ Yo also, by Lemma 16, 
h . 2k(n)() B h ±2k(n)() t en Yo = XI or Yo = x2 SInce gn x2 ~ XI· ut t en gn Xo ~ Yo 

while the inequality 2k(n) ~ p(n) implies that g~k(n)(xo) E (xo' CX2) and 
g;;2k(n)(xo) E (exl,xo) for all large n. Hence at least one of g~k(n)(xo) and 
g;;2k(n) (xo) does not tend to Yo. This is a contradiction, and it follows that 
g~k(n) ~ g E G, and g(x2) = XI. 

We have g(xo) = Xo so that g is parabolic. For if g(xo) = X3 -=f. Xo then 
gP(n)(x ) ~ X and so b = gp(n)+2k(n)(x ) ~ X But b = g2k(n)+p(n)(x ) ~ n 3 0 n n 0 o· n n 0 
g(X2) = XI -=f. Xo' which gives a contradiction. Thus g(xo) = Xo . 

Applying the argument involving (8.1) to x2 ' XI' xo' and k(n) instead of 
a, b, xo ' and p(n), and taking into account that this time Xo <t (X2 ,XI)' 
we see that g;(n) ~ h E G and that h2 = g. Since g and g -I are parabolic 
elements of G fixing Xo and taking XI onto x2 ' it follows from Lemma 10 
that g = g -I , since the subgroup of elements of G fixing Xo can be conjugated 
to a Mobius group. Now g;;k(n) ~ h = h- I E G, and h2 = g-I = g. This 
proves Lemma 18. 0 

8.5. To prove Lemma 14 when the gn are elliptic, choose positive integers 
m(n) such that 0 < m(n)a(n) < 1 and g;;(n)(l) ~ -1. This is possible since 
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a(n) > ° and gn --+ Id. We may pass to a subsequence and assume that (i) 
or (ii) in the definition of a convergence group holds for g;(n). Suppose first 
that g;(n) --+ ho E G. By Lemma 18 and induction we conclude that there are 
functions hn E G for n ~ 1 s·uch that h~ = hn_1 • All the hn are parabolic, or 
all of them are elliptic. 

8.5.1. If all the hn are parabolic with fixed point zo' we find, by Lemma 10, a 
homeomorphism I of Tonto R with I(zo) = 00 such that all the elements of 
G I = loG 0 I-I fixing infinity are Mobius transformations. We may assume 
that 10 ho 0 I-I = TI , and then 10 hn 0 I-I = T2- n for all n. Thus GI 

contains {Ts: s = kl2n ,k E Z,n ~ O}. Since G and hence GI is closed, we 
have !T C GI ' as required. 

8.5.2. If all the hn are elliptic, we may assume that ho is conjugate to Rfi 
where ° < fJ < 1 and fJ is rational. By Lemma 4, we may perform a pre-
liminary conjugation of G and assume that ho = Rfi' We set S = {e(y): y = 

kfJl2n ,0 ~ y < l,k E Z,n ~ O}. For Z E S, Z = e(kfJI2n) , we define 
k 2m 

I( Z) = hn (1) . Since hn+m = hn ' the functions hn commute, and so I( z) does 
not depend on the representation of Z as an element of S . 

Now one can verify that if zl' z2' z3 E Sand z2 E (ZI' z3)' the l(z2) E 
(f( Z I) ,/( Z 3))' Hence, if I is continuous on S, we see as in the proof of 
Lemma 12 that I is a homeomorphism of the dense subset S of T onto some 
dense subset of T, so that I can be extended to a homeomorphism of Tonto 
itself. 

8.5.3. So we need to prove that I(zn) --+ I(w) whenever zn E S, WE S, and 
zn --+ w. If zn = e(kfJ 12m), where k is odd, we set un = h:. For simplicity, 
we may assume that W = 1 and that the numbers k 12m are positive and 
decrease to zero. Since I( 1) = 1, we need to show that un (1) --+ 1. In any 
case, Un+I(1)E(1,Un(I)) so that un(I)--+a,say,where aE[I,un(I)) for all 
n. 

Suppose that a =I- 1. For any n, the functions U I ' u2 ' ... ,un belong to a 
cyclic group generated by a function of finite order that is conjugate to a rotation. 
Hence un+1 (z) E (un+2(z), un(z)) for all n and all Z E T. By passing to a 
subsequence we may thus assume that un --+ U uniformly on the circle where 
uEG and u(l)=a. Since un+I(Z)E(Z,Un(z)) for all large n and all zET, 
we have u(z) E [z, un(z)) for all large n and all z. Since U =I- Id, we have 
u(z) = Z for at most two values of z. It follows that for n ~ j, say, we have 
u' (z) E [z, u~(z)) if 1 ~ I ~ N = N(n). Here N is the largest integer such 
that if un is conjugate to R, where y is rational and 0< y < 1 , then Ny ~ 1 . 
Since y = kfJI2m --+ 0, we have N(n) --+ 00, so that U is of infinite order. As 
in the proof of Lemma 15, we deduce that U is parabolic with fixed point zo' 
say, where 1 =I- Zo =I- a. 
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For any given M = 2' > 1, there is n ~ j such that U;.: (z) E (z, u)z)) for 
all Z while M < N(n). Hence uM (z) E [z, uj(z)] for all Z and all large M. 
We may find zi distinct from Zo and choose j so large that Zo rt [zl' uj(zl)] 
since Un(ZI) -+ U(zl) -I- Zo as n -+ 00. Now we obtain a contradiction since 
uM (z I) -+ Zo as M -+ 00. Hence I is continuous on S. 

Furthermore, we find that (f-I 0 hn 0 f)(z) = ze(fJ2-n) , first for all Z E S 
and hence for all Z E T. It follows that G I = I-loG 0 I contains {RIJ: e E S} 
and hence 9f! , since G and thus also G I is closed. 

8.5.4. Suppose next that g;;(n) -+ Xo and hence, by Lemma 16, g;m(n) -+ Xo 

on compact subsets of T\{xo} ' where g;;(n)(I) -+ -1 as before. If Xo -I- ±1, 
we have a contradiction. Hence Xo = 1 or Xo = -1. We set Z I = - i , 
z2 = e( -1/8). Since a(n) > 0 and 0 < m(n)a(n) < 1, there are integers 
k(n) with 0 < k(n) :::; m(n) such thatg:(n)(zl) -+ z2 as n -+ 00. Note that 
g:(n)(zl) E (zl' g~n(n)(zl)) and that g~n(n)(zl) -+ xo. We pass to a subsequence 
and assume that g:(n) -+ h E G or that g:(n) -+ XI and g;;k(n) -+ XI. If 
g:(n) -+ h then h (z I) = Z 2 and we may proceed in the same way as in the 
case when g;;(n) -+ ho E G and ho (1) = -1 (see the beginning of subsection 
8.5). So suppose that g;k(n) -+ XI. Since g:(n)(zl) -+ z2' we have XI = ZI or 
XI = z2· Hence XI -I- 1, and we have g:(n)(I) -+ XI as n -+ 00. 

We have g:(n)(I) E (I, - 1) since 0 < k(n) :::; m(n) < l/a(n). Hence 
XI E [1 , - 1]. Since ZI ,Z2 rt [I, - 1], we have a contradiction. It follows that 
g:(n) tends to a homeomorphism h with h(zl) = z2. 

This completes the proof of Lemma 14. Hence we have proved Theorem I 
for nondiscrete groups. 0 

8.6. Suppose that G is an uncountable convergence group on T. Then we 
can show as in [3, § II] that G is nondiscrete. The normal family argument 
for a sequence hn E G used there is replaced by the use of the definition of a 
convergence group, and the same conclusion follows. Hence (v) of Theorem 1 
now follows from (iv) of Theorem 1. 

8.7. If G is a closed noncyclic abelian convergence group, we may proceed as 
in [3, §8]. Instead of [3, Lemma 9], we use Lemma 14 with all the gn elliptic. 
The proof in [3] goes through without any other essential changes and shows 
that G is conjugate to a Mobius group. This together with Lemmas 4 and 5 
proves case (ii) of Theorem 1. 

For completeness, we shall outline the proof. Let fix(g) denote the set of 
fixed points of g. If g, h E G, so that g 0 h = hog, it is seen that 

h(fix(g)) = fix(g). 

If some g E G has exactly one fixed point, then all the elements of G fix 
that point. Then G is topologically conjugate to a Mobius group by case (i) of 
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Theorem 1, which we proved already. Otherwise, by Lemma 1, exactly one of 
the following three possibilities arises: 

Case I. There is g E G with exactly two fixed points such that i =I- Id ; 
Case II. There is no g as in Case I but there is g E G with exactly two fixed 
points such that g2 = Id; or 

Case III. Any g E G\{ld} has no fixed points. 
In Cases I and II we may assume that G is defined on R and that g fixes 0 

and 00. By case (i) of Theorem 1, we may perform a preliminary conjugation 
and assume that the subgroup G I = {h E G: h (00) = oo} of G consists oflinear 
functions. Furthermore, since h({O,oo}) = {O,oo} = fix(g) for all hE G, we 
see that any element of G I fixes both 0 and 00 and is therefore equal to Ma 
for some real nonzero a, while any element of G\GI interchanges 0 and 00. 

In Case I, at least one of g, g2, and g -2 is of the form Mb for some 
b > 1, so that h(bn x) = bnh(x) whenever h E G\GI , x E R, and n is an 
integer. Since h(oo) = 0, we have h(bn ) -+ 0 as n -+ 00 while Ibn h(I)1 -+ 00. 

This contradiction shows that G = G I ' which is a Mobius group. 
In Case II, we may assume that G =I- GI . Then GI cannot contain a function 

Mb for b > I , for that would lead to a contradiction as above. Thus G I can 
only contain Id and M_l . If GI = {Id} then G is cyclic of order two, which 
contradicts our assumption that G is not cyclic. Thus G = {Id, M -I ' gl ' 
g 10M_I} where g I E G\ G I and g~ = Id. Thus G has the algebraic structure 
of the Vierergruppe. Recall that gl and gloM_I interchange 0 and 00. We 
may assume that gl is sense-reversing since one of gl and gl 0 M_l is. 

By Theorem 1 for cyclic groups, we may conjugate G to the group G' = 
{ld,h,H,h 0 H} where H(x) = llx is the conjugate of gl while h, the 
conjugate of M_I ' is a strictly decreasing function fixing 0 and 00. We have 
h 2 = Id and h 0 H = H 0 h . 

We set I(x) = x for x 2: 0 and I(x) = -h(x) for x < O. Then 1(l/x) = 
111(x) and 10 hoi-I = M_I . Thus loG' 0 I-I is a Mobius group. 

In Case III, it suffices to show that G is finite or nondiscrete, thus reducing 
the problem to Theorem 2 or to case (iv) of Theorem 1, both of which have been 
proved already. We assume that G is infinite and show that G is nondiscrete. 

In any case, Theorem 1 for cyclic groups shows that each g E G\{ld} is 
topologically conjugate to a rotation Ro where 0 < Q: < 1 . If some such Q: is 
irrational, then clearly G is nondiscrete. Suppose therefore that all such num-
bers Q: are rational. Then all the elements of G have finite order. Now the 
proof of [3, Lemma 7] shows that since G is not cyclic, it follows from topolog-
ical reasons that G contains no element of maximal order. Thus G contains a 
sequence gn such that gn is conjugate to RI/N(n) where N(n) strictly increases 
to infinity as n -+ 00 . 

We claim that gn -+ Id uniformly on T as n -+ 00, and this then shows 
that G is nondiscrete. Recall the notation (2.1). As in the proof of [3, Lemma 
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8], we see that for topological reasons 

gm+1 (z) E (Z, gm(z)) for all Z E T. 

Now we follow closely the argument given in [3, subsection 8.6]. If N(m) ~ 
2 4 6, set ZI = 1, z2 = gm(l), and z3 = gm(l), so that the arcs (Zj' gm(z)) have 

disjoint closures for 1 ::; j ::; 3. If n > m , then 

(8.2) 

By the definition of a convergence group, we may pass to a subsequence and 
assume that gn -+ g uniformly on T as n -+ 00, where the homeomorphism 
g is an element of the closed group G. Note that the condition (8.2), where m 
and the Zj are fixed, excludes the possibility that gn -+ Xo locally uniformly 
in T\{yo} for some Xo 'Yo E T. 

If g =f. Id then Ig(z) - zi ~ 0 > 0 for all Z E T, since g has no fixed 
points by our assumption in Case III. There is no such that if n ~ no' then 
Ign(z) - g(z)1 < 0/2 and thus Ign(z) - zi > 0/2 for all Z E T. We can write 
gn = hn 0 RI/N(n) 0 h;1 , where hn is a homeomorphism of T, and this gives 

(8.3) Ihn(dnz) - hn(z)1 ~ 0/2> 0 for all Z E T, for n ~ no' 

where dn = e(l/N(n)). Now we get a contradiction by choosing n so large that 
N(n)0/2 > 2n and applying (8.3) to Z = e(k/N(n)) for 0 ::; k ::; N(n) - 1. 
This proves that g = Id . 

Thus gn -+ Id and G is nondiscrete, as asserted. This completes the proof of 
Theorem 1 for closed noncyclic abelian groups, and as remarked at the beginning 
of subsection 8.7, case (ii) of Theorem 1 follows. 

The proof of Theorem 1 is thus complete. 
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